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Recently, research on the Ostrowski type and Gru¨ss type inequalities has been paid
much attention. The Ostrowski type inequality, which was originally presented by
Ostrowski in [32], can be used to estimate the absolute deviation of a function from
its integral mean. The Gru¨ss inequality, which can be used to estimate the absolute
deviation of the integral of the product of two functions from the product of their
respective integrals, was originally presented by Gru¨ss in [15].
In the past few decades, various generalizations of the Ostrowski inequality and the
Gru¨ss inequality have been established (for example, see [40,8,11,36,2,37,3,10,41,20,1]
and the references therein), while some new inequalities are established, one of which is
the inequality of Ostrowski-Gru¨ss type (for example, see [12,29,9,39,38,35,43,19,44,31,
13,28,21,42]). The ﬁrst Ostrowski-Gru¨ss type inequality was presented by Dragomir
and Wang in [12] as follows:ress: zhengbin2601@126.com
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The bounds related to the Ostrowski-Gru¨ss type inequality established above got
improved in [29,9,39,38,19,44,31].
In [28], Lu¨ extended UJEVIC´’s results [39] to 2D case, and established the following
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ative is of order 2 f00 2 L2((a,c) · (b,d)), and rðfÞ ¼ kfk2  1ðcaÞðdbÞ
R c
a
R d
b
fðs; tÞdsdt
 2
.
In [21], Liu extended the inequality above, and established a more generalized 2D
Ostrowski-Gru¨ss type inequality.
On the other hand, Hilger [16] initiated the theory of time scales as a theory capable
of treating continuous and discrete analysis in a consistent way, based on which some
authors have studied the Ostrowski type and Gru¨ss type inequalities on time scales (see
[23,33,5,26,34,18,24,25,17,22,4,27,30]). But we notice that 2D Ostrowski-Gru¨ss type
inequality on time scales has been paid little attention in the literature.
Motivated by the above work, in this paper, we will establish some more generalized
2D Ostrowski-Gru¨ss type inequalities on time scales. New bounds related to the
Ostrowski-Gru¨ss type inequalities are derived, and some of them are sharp. The estab-
lished results unify continuous and discrete analysis, and extend some known results in
the literature.
Throughout this paper, R denotes the set of real numbers, while Z denotes the set of
integers, and N0 denotes the set of nonnegative integers. T1; T2 denote two arbitrary
time scales, and for an interval [a,b], ½a; bTi :¼ ½a; b
T
Ti; i ¼ 1; 2. For the sake of
convenience, we denote the forward jump operators on T1; T2 by r uniformly. Finally,
a point t 2 Ti is said to be right-dense if r(t) = t and t– supTi.
Deﬁnition 1.1. Let T be a time scale, then hk : T
2 ! R; k ¼ 0; 1; 2 . . . are deﬁned byhkþ1ðt; sÞ ¼
Z t
s
hkðs; sÞDs; 8s; t 2 T;where h0(t,s) = 1.
Remark 1.2. If T ¼ R, then h2ðt; sÞ ¼ ðtsÞ
2
2
. If T ¼ Z, then h2ðt; sÞ ¼ ðtsÞðts1Þ2 . If
T ¼ qN0 , then h2ðt; sÞ ¼ ðtsÞðtqsÞ1þq .
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of f at t is denoted by f D(t) (provided it exists) with the property such that for every
e> 0 there exists a neighborhood U of t satisfyingjfðrðtÞÞ  fðsÞ  f DðtÞðrðtÞ  sÞj 6 ejrðtÞ  sj for all s 2 U:Remark 1.4. If T ¼ R, then f D(t) = f0(t). If T ¼ Z, then f D(t) = f(t+ 1)  f(t). If
T ¼ qN0 , then f DðtÞ ¼ fðqtÞfðtÞ
tðq1Þ .
For more details about the calculus of time scales, we refer the reader to [6,7].2. MAIN RESULTS
Lemma 2.1 (Generalized montgomery identity). Let a; b; s; x 2 T1; c; d; t; y 2 T2
with a< b, c< d. f : ½a; bT1  ½c; dT2 ! R is D1D2 differentiable. k 2 [0,1] is such
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: ð1ÞProof. We have the following observations:
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Theorem 2.2. Under the conditions of Lemma 2.1, if fD1D2 2 L2ðða; bÞT1  ðc; dÞT2Þ, then
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c
Kðx; y; s; tÞD2tD1s: ð5ÞOn the other hand,Z b
a
Z d
c
Kðx;y;s;tÞ 1ðbaÞðdcÞ
Z b
a
Z d
c
Kðx;y;s;tÞD2tD1s
 


@2fðs;tÞ
D1sD2t
 1ðbaÞðdcÞ
Z b
a
Z d
c
@2fðs;tÞ
D1sD2t
D2tD1s
 
D2tD1s
6 Kðx;y;:;:Þ 1ðbaÞðdcÞ
Z b
a
Z d
c
Kðx;y;s;tÞD2tD1s


2

@2fð:;:Þ
D1sD2t
 1ðbaÞðdcÞ
Z b
a
Z d
c
@2fðs;tÞ
D1sD2t
D2tD1s


2
¼
Z b
a
Z d
c
K2ðx;y;s;tÞD2tD1s 1ðbaÞðdcÞ
Z b
a
Z d
c
Kðx;y;s;tÞD2tD1s
 2" #12

Z b
a
Z d
c
ð@
2fðs;tÞ
D1sD2t
Þ2D2tD1s 1ðbaÞðdcÞ
Z b
a
Z d
c
@2fðs;tÞ
D1sD2t
D2tD1s
 2" #12
¼
Z b
a
Z d
c
K2ðx;y;s;tÞD2tD1s 1ðbaÞðdcÞ
Z b
a
Z d
c
Kðx;y;s;tÞD2tD1s
 2" #12 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TðfD1D2Þ
p
:
ð6Þ
Combining Eqs. (3)–(6) we can get the desired inequality Eq. (2). To prove the sharp-
ness of Eq. (2), let T be right dense and f(s,t) = f1(s)f2(t), wheref1ðsÞ ¼
h2 s; aþ k ba2

  h2ðx; aþ k ba2 Þ; s 2 ½a; xÞT1
h2 s; b k ba2

  h2 x; b k ba2
 ; s 2 ½x; bT1
(
;
f2ðtÞ ¼
h2 t; cþ k dc2

  h2 y; cþ k dc2
 ; t 2 ½c; yÞT2
h2 t; d k dc2

  h2 y; d k dc2
 ; t 2 ½x; bT2
(
:
166 B. ZhengThen@2fðs; tÞ
D1sD2t
¼
s aþ k ba
2

  	
t cþ k dc
2

  	
; s 2 ½a; xÞT1 ; t 2 ½c; yÞT2
s aþ k ba
2

  	
t d k dc
2

  	
; s 2 ½a; xÞT1 ; t 2 ½y; dÞT2
s b k ba
2

  	
t cþ k dc
2

  	
; s 2 ½x; bÞT1 ; t 2 ½c; yÞT2
s b k ba
2

  	
t d k dc
2

  	
; s 2 ½x; bÞT1 ; t 2 ½y; dÞT2
8>>><
>>:
; ð7Þwhich implies @
2fðs;tÞ
D1sD2t
¼ Kðx; y; s; tÞ. So Eqs. (4) and (6) hold equality, which implies Eq.
(2) holds equality, and the proof is complete.
In Theorem 2.2, if we take T1; T2 for some special time scales, then we immediately
obtain the following two corollaries.
Corollary 2.3. If we take T1 ¼ T2 ¼ R in Theorem 2.2, then we obtain the following
inequalityð1 kÞ2fðx; yÞ þ ð1 kÞ k
2
½fða; yÞ þ fðb; yÞ þ fðx; cÞ þ fðx; dÞ
þ k2
4
½fða; cÞ þ fðb; cÞ þ fða; dÞ þ fðb; dÞ  1
ba ð1 kÞ
R b
a
fðrðsÞ; yÞD1s
 1
dc ð1 kÞ
R d
c
fðx; tÞdt k
2
1
ba
R b
a
½fðs; cÞ þ fðs; dÞds
 k
2
1
dc
R d
c
½fða; tÞ þ fðb; tÞdtþ 1ðbaÞðdcÞ
R b
a
R d
c
fðs; tÞdtds
 ½fðb;dÞfða;dÞfðb;cÞþfða;cÞðbaÞ2ðdcÞ2 
x aþkba2ð Þð Þ2
2
 a aþk
ba
2ð Þð Þ2
2
þ b bk
ba
2ð Þð Þ2
2
 x bk
ba
2ð Þð Þ2
2
 
 y cþk
dc
2ð Þð Þ2
2
 c cþk
dc
2ð Þð Þ2
2
þ d dk
dc
2ð Þð Þ2
2
 y dk
dc
2ð Þð Þ2
2
 
6 b3a3
3
 2 aþ k ba
2

  x aþkba2ð Þð Þ2
2
 a aþk
ba
2ð Þð Þ2
2
 
 aþ k ba
2

 2ðx aÞ
2 b k ba
2

  b bkba2ð Þð Þ2
2
 x bk
ba
2ð Þð Þ2
2
 
 b k ba
2

 2ðb xÞ
 d3c3
3
 2 cþ k dc
2

  y cþkdc2ð Þð Þ2
2
 c cþk
dc
2ð Þð Þ2
2
 
 cþ k dc
2

 2ðy cÞ
2 d k dc
2

  d dkdc
2ð Þð Þ2
2
 y dk
dc
2ð Þð Þ2
2
 
 d k dc
2

 2ðd yÞ
 1ðbaÞðdcÞ
x aþkba2ð Þð Þ2
2
 a aþk
ba
2ð Þð Þ2
2
þ b bk
ba
2ð Þð Þ2
2
 x bk
ba
2ð Þð Þ2
2
 
 y cþk
dc
2ð Þð Þ2
2
 c cþk
dc
2ð Þð Þ2
2
þ d dk
dc
2ð Þð Þ2
2
 y dk
dc
2ð Þð Þ2
2
 2)12 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T f00st

 q
;whereTðfÞ ¼
Z b
a
Z d
c
f2ðs; tÞdtds 1ðb aÞðd cÞ
Z b
a
Z d
c
fðs; tÞdtds
 2
:
Some new generalized 2D Ostrowski-Gru¨ss type inequalities on time scales 167Corollary 2.4. If we take T1 ¼ T2 ¼ Z in Theorem 2.2, then we obtain the following
inequalityð1kÞ2fðx;yÞþð1kÞ k
2
½fða;yÞþ fðb;yÞþ fðx;cÞþ fðx;dÞ
þ k2
4
½fða;cÞþ fðb;cÞþ fða;dÞþ fðb;dÞ 1
bað1kÞ
Xb1
s¼a
fðsþ1;yÞ
 1
dcð1kÞ
Xd1
t¼c
fðx; tþ1Þ k
2
1
ba
Xb1
s¼a
½fðsþ1;cÞþ fðsþ1;dÞ
 k
2
1
dc
Xd1
t¼c
½fða;tþ1Þþ fðb;tþ1Þþ 1ðbaÞðdcÞ
Xb1
s¼a
Xd1
t¼c
fðsþ1;tþ1Þ
½fðb;dÞfða;dÞfðb;cÞþfða;cÞðbaÞ2ðdcÞ2 
x aþkba
2ð Þð Þ x aþkba2ð Þ1ð Þ
2
 a aþk
ba
2ð Þð Þ a aþkba2ð Þ1ð Þ
2

þ b bk
ba
2ð Þð Þ b bþkba2ð Þ1ð Þ
2
 x bk
ba
2ð Þð Þ b bkba2ð Þ1ð Þ
2


y cþkdc2ð Þð Þ y cþkdc2ð Þ1ð Þ
2
 c cþk
dc
2ð Þð Þ c cþkdc2ð Þ1ð Þ
2

þ d dk
dc
2ð Þð Þ d dþkdc2ð Þ1ð Þ
2
 y dk
dc
2ð Þð Þ d dkdc2ð Þ1ð Þ
2

6 b3a3
3
2 aþk ba
2

  x aþkba2ð Þð Þ x aþkba2ð Þ1ð Þ
2

 a aþk
ba
2ð Þð Þ a aþkba2ð Þ1ð Þ
2

 aþk ba
2

 2ðxaÞ
2 bk ba
2

  b bkba2ð Þð Þ b bþkba2ð Þ1ð Þ
2
 x bk
ba
2ð Þð Þ b bkba2ð Þ1ð Þ
2
 
 bk ba
2

 2ðbxÞi
d3c3
3
2 cþk dc
2

  y cþkdc2ð Þð Þ y cþkdc2ð Þ1ð Þ
2

 c cþk
dc
2ð Þð Þ c cþkdc2ð Þ1ð Þ
2

 cþk dc
2

 2ðy cÞ
2 dk dc
2

  d dkdc2ð Þð Þ dðdþkdc2 Þ1ð Þ
2
 y dk
dc
2ð Þð Þ d dkdc2ð Þ1ð Þ
2
 
 dk dc
2

 2ðdyÞi
 1ðbaÞðdcÞ
x aþkba2ð Þð Þ x aþkba2ð Þ1ð Þ
2
 a aþk
ba
2ð Þð Þ a aþkba2ð Þ1ð Þ
2

þ b bk
ba
2ð Þð Þ b bþkba2ð Þ1ð Þ
2
 x bk
ba
2ð Þð Þ b bkba2ð Þ1ð Þ
2


y cþkdc2ð Þð Þ y cþkdc2ð Þ1ð Þ
2
 c cþk
dc
2ð Þð Þ c cþkdc2ð Þ1ð Þ
2

þ d dk
dc
2ð Þð Þ d dþkdc2ð Þ1ð Þ
2
 y dk
dc
2ð Þð Þ d dkdc2ð Þ1ð Þ
2
2)12 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TðD2D1fÞ
p
;
168 B. Zhengwhere D2D1f denotes the difference on f with order two, and TðfÞ ¼
Pb1
s¼a
Pd1
t¼c f
2ðs; tÞ
1
ðbaÞðdcÞ
Pb1
s¼a
Pd1
t¼c fðs; tÞ
 2
.
Remark 2.5. Corollary 2.3 is equivalent to [21, Theorem 3], and is the generalization of
[44, Theorem 5] to 2D case. If we take k= 0 , then Corollary 2.3 reduces to [28,
Theorem 4], and is the 2D generalization of [39, Theorem 4]. If we take
k ¼ 1
3
; x ¼ aþb
2
; y ¼ cþd
2
, then Corollary 2.3 reduces to [28, Theorem 3], and is the
2D generalization of [39, Theorem 1]. So in this way, Theorem 2.2 is the further
extension of some known results in the literature to arbitrary time scales.
Theorem 2.6. Under the conditions of Lemma 2.1, if we assume fD1D2 2 L1ðða; bÞT1ðc; dÞT2Þ, then we haveð1kÞ2fðx;yÞþð1kÞk
2
½fða;yÞþ fðb;yÞþ fðx;cÞþ fðx;dÞ

þk
2
4
½fða;cÞþ fðb;cÞþ fða;dÞþ fðb;dÞ 1
bað1kÞ
Z b
a
fðrðsÞ;yÞD1s
 1
d cð1kÞ
Z d
c
fðx;rðtÞÞD2tk
2
1
ba
Z b
a
½fðrðsÞ;cÞþ fðrðsÞ;dÞD1s
k
2
1
d c
Z d
c
½fða;rðtÞÞþ fðb;rðtÞÞD2tþ 1ðbaÞðd cÞ
Z b
a
Z d
c
fðrðsÞ;rðtÞÞD2tD1s
½fðb;dÞ fða;dÞ fðb;cÞþ fða;cÞðbaÞ2ðd cÞ2
h2 x;aþkba
2
 
h2 a;aþkba
2
 
þh2 b;bkba
2
 
h2 x;bkba
2
  

h2 y;cþkd c
2
 
h2 c;cþkd c
2
 
þh2 d;dkd c
2
 
h2 y;dkdc
2
  
6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ba
p x3a3
3
2 aþkba
2
 
h2 x;aþkba
2
 
h2 a;aþkba
2
  
 aþkba
2
 2
ðxaÞ
((
þb
3x3
3
2 bkba
2
 
h2 b;bkba
2
 
h2 x;bkba
2
  
 bkba
2
 2
ðbxÞ
)

y3 c3
3
2 cþkdc
2
 
h2 y;cþkdc
2
 
h2 c;cþkd c
2
  
 cþkd c
2
 2
ðy cÞ
(
þd
3y3
3
2 dkd c
2
 
h2 d;dkdc
2
 
h2 y;dkd c
2
  
 dkba
2
 2
ðdyÞ
)
 1ðbaÞðd cÞ h2 x;aþk
ba
2
 
h2 a;aþkba
2
 
þh2 b;bkba
2
 
h2 x;bkba
2
  


h2 y;cþkd c
2
 
h2 c;cþkd c
2
 
þh2 d;dkd c
2
 
h2 y;dkdc
2
  2)12
kfD1D2k1:
ð8Þ
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a
Z d
c
Kðx; y; s; tÞ  1ðb aÞðd cÞ
Z b
a
Z d
c
Kðx; y; s; tÞD2tD1s
 
@2fðs; tÞ
D1sD2t
D2tD1s
¼
Z b
a
Z d
c
Kðx; y; s; tÞ @
2fðs; tÞ
D1sD2t
D2tD1s 1ðb aÞðd cÞ
Z b
a
Z d
c
Kðx; y; s; tÞD2tD1s
Z b
a
Z d
c
@2fðs; tÞ
D1sD2t
D2tD1s
¼
Z b
a
Z d
c
Kðx; y; s; tÞ @
2fðs; tÞ
D1sD2t
D2tD1s ½fðb; dÞ  fða; dÞ  fðb; cÞ þ fða; cÞðb aÞðd cÞ
Z b
a
Z d
c
Kðx; y; s; tÞD2tD1s: ð9ÞThenZ b
a
Z d
c
Kðx;y;s;tÞ 1ðbaÞðdcÞ
Z b
a
Z d
c
Kðx;y;s;tÞD2tD1s
 
@2fðs;tÞ
D1sD2t
D2tD1s


6
Z b
a
Z d
c
Kðx;y;s;tÞ 1ðbaÞðdcÞ
Z b
a
Z d
c
Kðx;y;s;tÞD2tD1s

D2tD1skfD1D2k1
6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðbaÞðdcÞ
p Z b
a
Z d
c
Kðx;y;s;tÞ 1ðbaÞðdcÞ
Z b
a
Z d
c
Kðx;y;s;tÞD2tD1s


2
D2tD1s
" #1
2
kfD1D2k1
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðbaÞðdcÞ
p Z b
a
Z d
c
K2ðx;y;s;tÞD2tD1s 1ðbaÞðdcÞ
Z b
a
Z d
c
Kðx;y;s;tÞD2tD1s
 2" #12
kfD1D2k1:
ð10ÞThen combining Eqs. (3), (4) and (10) we get the desired result.
Lemma 2.7 (14, Lemma 2.8). (2D Gru¨ss’ inequality on time scales) Let
f; g 2 Crdð½a; bT1  ½c; dT2 ;RÞ such that / 6 f(x,y) 6 U and c 6 g(x,y) 6 C for all
x 2 ½a; bT1 ; y 2 ½c; dT2 , where /, U, c, C are constants. Then we have1
ðd cÞðbaÞ
Z b
a
Z d
c
fðs;tÞgðs; tÞD2tD1s 1ðd cÞðbaÞ
Z b
a
Z d
c
fðs; tÞD2tD1s 1ðd cÞðbaÞ

Z b
a
Z d
c
gðs; tÞD2tD1s
 6 14ðU/ÞðC cÞ: ð11ÞTheorem 2.8. Under the conditions of Lemma 2.1, if there exist constants K1,K2 such
that K1 6 @
2fðs;tÞ
D1sD2t
6 K2, then we have
170 B. Zhengð1kÞ2fðx;yÞþð1kÞk
2
½fða;yÞþ fðb;yÞþ fðx;cÞþ fðx;dÞ

þk
2
4
½fða;cÞþ fðb;cÞþ fða;dÞþ fðb;dÞ 1
bað1kÞ
Z b
a
fðrðsÞ;yÞD1s
 1
dcð1kÞ
Z d
c
fðx;rðtÞÞD2tk
2
1
ba
Z b
a
½fðrðsÞ;cÞþ fðrðsÞ;dÞD1s
k
2
1
dc
Z d
c
½fða;rðtÞÞþ fðb;rðtÞÞD2tþ 1ðbaÞðdcÞ
Z b
a
Z d
c
fðrðsÞ;rðtÞÞD2tD1s
½fðb;dÞ fða;dÞ fðb;cÞþ fða;cÞðbaÞ2ðdcÞ2
h2ðx;aþkba
2
Þh2 a;aþkba
2
 
þh2 b;bkba
2
 
h2 x;bkba
2
  

h2 y;cþkdc
2
 
h2 c;cþkdc
2
 
þh2 d;dkdc
2
 
h2 y;dkdc
2
  614ðK2K1Þ:
ð12ÞProof. From the deﬁnition of K(x,y,s,t) we have sup(K(x,y,s,t))  inf(K(x,y,s,t)) 6
(b  a)(d  c). So by Lemma 2.7 we obtain1
ðb aÞðd cÞ
Z b
a
Z d
c
Kðx; y; s; tÞ @
2fðs; tÞ
D1sD2t
D2tD1s 1ðb aÞðd cÞ


Z b
a
Z d
c
Kðx; y; s; tÞD2tD1s 1ðb aÞðd cÞ
Z b
a
Z d
c
@2fðs; tÞ
D1sD2t
D2tD1s

6 1
4
ðb aÞðd cÞðK2  K1Þ:The desired result can be obtained by the combination of (3) and Lemma 2.1. h
Remark 2.9. If we take k= 0 in Theorem 2.8, then Theorem 2.8 becomes the 2D
extension of [23, Theorem 4].3. CONCLUSIONS
In this paper, we establish some generalized 2D Ostrowski-Gru¨ss type inequalities on
time scales, and derive some new estimates for them. Some of the estimates are sharp.
The established results unify continuous and discrete analysis, and are further exten-
sions of some known results in the literature.
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